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We provide necessary conditions for the Alexander polynomials of algebraically split 
coniponent-preservingly amphicheiral links. We raise a conjecture that the Alexander 
polynomial of an algebraically split component-preservingly amphicheiral link with even 
components is zero. Our necessary conditions and some examples support the conjecture. 

1 Introduction 



Let L = i^i U ■ ■ ■ Ui^r be an oriented r-component link in S^ with r > 1. For an oriented 
K^ I knot K, we denote the orientation-reversed knot by —K. If ip is an orientation-reversing 

L ■ (orientation-preserving, respectively) homeomorphism of S^ so that ip{Ki) = e„(^i)K„{.j^ 

cn ■ for alH = 1, . . . , r where Si = + oi — , and cr is a permutation of {1, 2, . . . , r}, then L is 

said an (ei, . . . , e.^; a) -amphicheiral link (an (ei, . . . , e^; (j)-invertible link, respectively). 
A term "amphicheiral link" is used as a general term for an {ei, . . . , Er] cr)-amphicheiral 
link. A link is said an interchangeable link if it is an {ei, . . . ,Er', o")-invertible link such 
that a is not the identity. An {ei, . . . ,Er', o")-invertible link is said an invertible link sim- 
ply if there exists 1 < i < r such that Ei = —. If cr is the identity, then an amphicheiral 
^ . link is said a component-preservingly amphicheiral link, and a may be omitted from the 

notation. We mainly deal with component-preservingly amphicheiral link in the present 
paper. If every Ei = e is identical for alH = 1, . . . ,r (including the case that a is not 
the identity), then an {ei, . . . ,Er] a)-amphicheiral link (an {ei, . . . ,Er] cr)-invertible link, 
respectively) is said an (5)-amphicheiral link (an (5)-invertible link, respectively). We 
use the notations + = +1 = 1 and — = — 1. A link L with at least 2-component is said 
an algebraically split link if the linking number of every 2-component sublink of L is 
zero. We note that a component-preservingly (e)-amphicheiral link is an algebraically 
split link. 

Necessary conditions for the Alexander polynomials of amphicheiral knots are stud- 
ied by R. Hartley [3], R. Hartley and A. Kawauchi [4], and A. Kawauchi [14]. In 
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[14], non-invertibility of 817 is firstly proved by the conditions. On the other hand, 
T. Sakai [20] proved that any one-variable Laurent polynomial f{t) over Z such that 
f{t) = f{t^^) and /(I) = 1 is realized by the Alexander polynomial of a strongly in- 
vertible knot in S^. B. Jiang, X. Lin, Shicheng Wang and Y. Wu [6] showed that (1) a 
twisted Whitehead doubled knot is amphicheiral if and only if it is the unknot or the 
figure eight knot, and (2) a prime link with at least 2 components and up to 9 crossings 
is component-preservingly (+)-amphicheiral if and only if it is the Borromean rings. 
They used S. Kojima and M. Yamasaki's ry-function [17]. Shida Wang [23] determined 
prime component-preservingly (+)-amphicheiral links with at least 2 components and 
up to 11 crossings by the same method as [6]. There are four such links. For geometric 
studies of symmetries of arborescent knots, see F. Bonahon and L. C Siebenmann [2]. 
In [7] , we determined symmetries such as invertibility, amphicheirality and interchange- 
ability of 2-bridge links by the parameters such as Schubert's normal form, Conway's 
normal form and Conway's normal form whose entries are even integers. 

In the present paper, we study necessary conditions for the Alexander polynomi- 
als of algebraically split component-preservingly amphicheiral links by computing the 
Reidemeister torsions of surgered manifolds along the link. The results and the tech- 
niques of the present paper have been already applied to some directions. The author 
and A. Kawauchi [10] obtained a necessary condition by invariants deduced from the 
quadratic form of a link [13, 16], showed a partial affirmative answer for the conjec- 
ture stated below, and determined prime amphicheiral links with up to 9 crossings 
by combining with the present results. The author [8] developed methods to detect 
component-preservingly amphicheiral links by the results in [6] and [3, 4, 14], and de- 
termined prime amphicheiral links with up to 11 crossings by techniques including the 
present results. There are 27 prime amphicheiral links with up to 11 crossings. The 
techniques of the present paper are based on V. G. Turaev [22]. By the same tech- 
niques, the following two results on Dehn surgeries are shown: In [11], the author, 
N. Maruyama and M. Shimozawa determined all Dehn surgeries yieding lens spaces 
(i.e. lens surgeries). In [9], we will show that the A-component Milnor link with A > 4 
does not have a lens surgery by the Reidemeister torsion and some geometric techniques. 

Let Al = /\l(^i, ■ ■ ■ ,tr) he the Alexander polynomial of L which is an element of an 
r- variable Laurent polynomial ring yl^ := Z[t^ "'^, . . . , tf^] over Z where tj (i = 1, 2, . . . , r) 
is a variable corresponding to a meridian of Ki. 

We raise a conjecture: 

Conjecture 1.1 For an even- component algebraically split component-preservingly am- 
phicheiral link L, we have A^ = 0. 

Our results stated below support the conjecture. In Section 6, we explain about 
other supporting results in [8, 10]. We remark that the similar statement for the odd- 
component case does not hold. For example, a link which is connected sums of copies 
of the Borromean rings is a component-preservingly amphicheiral link with odd compo- 
nents, and has the non-zero Alexander polynomial. For any odd number, there are such 



examples. For an algebraically split component-preservingly amphicheiral link L, if L' is 
obtained from L by taking untwisted parallels of some components, and the number of 
components of L' is strictly greater than that of L, then L' is also an algebraically split 
component-preservingly amphicheiral link, and we have A^i = 0. Therefore we can- 
not find a counterexample for the conjecture by the construction. We raise supporting 
examples in Section 6. 

If L is an r-component algebraically split link with r > 2, then the Alexander 
polynomial of L is of the form: 

Al = ALih, . . . , t,) = (ti - 1) ■ ■ ■ (t, - l)/(ti, ...,tr) 

where we can take / = /(ti, . . . , t^) G A^ satisfying /(ti, . . . , t^) = f{t^^, ■ ■ ■ , t^^). 
Note that f{ti, . . . ,tj.) is uniquely determined up to multiplication of ±1. We set 
Ir = {1, 2, . . . ,r}. If we take I = {ii,i2, ■ . ■ ,is} C Ir, then we denote Lj = Ki-^U- ■ -Ui^j^, 
|/| = s, and Ai = Z[tf^\ . . . , tf^^] = As. If s > 2, then 

Al, = Al,{U,,. . .,UJ = lliU - l)fi{U„ . . .,UJ 

where we can take // = //(t^^, . . . , t^ J G yl/ satisfying //(ti^, . . . , tj J = fiit-^^, . . . , t^/), 
and the sign of // is uniquely determined by (4.2) and Lemma 4.1. In particular, 
/ = fir- We set u{I) = {ui)iei,\i where Ui G {1, -1}. For J = {ji, . . . , jfc} D /, we use 
the following notations: 

kj{u{I)) : the number of 1 in Mj (? G J \ /), 
r^j{u{I)) = (-l)fc./W^)), 
Fj{I) : the polynomial obtained by substituting U = 1 (i G J \ /) to fj, 

We set 

Suii)= E vAniI))FjiI), 

JDl,\J\I\.cvcn 
2<\,J\<r 

and 

s:tf) = E vAuii))Fjii). 

JDl,\J\I\:odd 
2<\J\<r 

The following is our first main theorem: 

Theorem 1.2 Let L = KiU ■ ■ -U Kj. be an r-component algebraically split component- 
preservingly amphicheiral link where r > 2, and I C Ir- Then for any u{I), we have 
the following: 

(1) If\I\ = l, thenSlff^ = Q. 



(2) If2<\I\<r-l, then Sl^f-I = or 5°^/^ = 0. 

To prove the theorem, we compute the Reidemeister torsions of the manifolds surg- 
ered along L with associated coefficients to u{I). We can deduce some corollaries. 

Corollary 1.3 Under the same assumption as in Theorem 1.2, we have the following: 

(1) If r is even and \I\ = 1, then F{I) = 0. 

(2) If I = Ir\ {i} (i.e. |/| = r — 1) and Al^ ^ 0, then f is divisible by ti — 1. 

(3) IfI = Ir\ {i} (i.e. \I\=r- 1) and F{I) ^ 0, then Alj = 0. 

In particular, if r = 2, then we have the following: 

Corollary 1.4 If L = Ki U K2 is an algebraically split component-preservingly am- 
phicheiral link, then Al is divisible by (ti — 1)^(^2 — 1)^. 

The following is our second main theorem: 

Theorem 1.5 If L = Ki U ■ ■ ■ U Kr is an r-component algebraically split component- 
preservingly {e)-amphicheiral link with r even, and e = -\- or —, then the Alexander 
polynomial of L satisfies AlII^^ , . . . ,1^'^) = where rji G {1, —1} (i = 1, . . . ,r). 

To prove the theorem, we span a Seifert surface on L. This method is a slightly 
extended argument in [3, Theorem 2.1]. In particular, if r = 2, then we have the 
following: 

Corollary 1.6 If L = KiU K2 is an algebraically split {e,e)-amphicheiral link where 
e = + or —, then Al is divisible by (ti — 1)^(^2 — l)^(^ii^2 — l)(^i — ^2)- 

We remark that after proving the results above, the author and A. Kawauchi 
[10] showed that Conjecture 1.1 is afffirmative for even-component algebraically split 
component-preservingly (£:)-amphicheiral links by invariants deduced from the quadratic 
form of a link [13, 16]. 

In Section 2, we prepare facts on the Alexander polynomials. In Section 3, we 
discuss about basic properties on amphicheiral links and invertible links. We give an 
almost purely algebraic proof for a lemma due to Hartley [3]. In Section 4, we prove 
Theorem 1.2 and its corollaries. In Section 5, we prove Theorem 1.5. In Section 6, we 
raise some examples which support Conjecture 1.1. 



2 Alexander polynomials as Reidemeister torsions 

Let X be a finite CW complex, and ip : Z[i/i(X)] — )■ i? is a ring homomorphism where 
R is an integral domain. Then we denote the Reidemeister torsion of X related to i/j 
by r^(X) e Q{R) where Q{R) is the quotient field of R (see [22]). The value r^(X) 
is determined up to multiplication of ±if){h) {h G Hi{X)). An equation between two 
values A and B G Q{R) is denoted hj A = B if A = ±il){h)B for some h G Hi{X). 
When ip is the identity, we denote r^(X) by t{X). 

The Alexander polynomial is a kind of the Reidemeister torsion. 

Lemma 2.1 ([19, 22]) Let L = Ki U ■ ■ ■ U Kr be an r-component link, and E^ the 
complement of L. Then we have 

{ ^^ (-1), 

{ AL{ti, . . . ,tr) (r>2). 

We will use the surgery formula to show Theorem 1.1. 

Lemma 2.2 (surgery formula) Let Mq be a compact 3-manifold whose boundary con- 
sists of tori, V a solid torus whose core is I' , and M = Mq U/ V is the result of Dehn 
filling where f : dV — ?■ dMo is an attaching map. Let ip : Z[iJi(M)] -^ R be a ring 
homomorphism where R is an integral domain, and ipQ : Z[i/i(Mo)] — > R the induced 
map from i/j. If i/j{[1']) ^ \, then we have 

rnM) = r^«(Mo)(^([n)-l)-^ 
We raise some properties on the Alexander polynomials. 

Lemma 2.3 (duality [15, 19, 21, 22]) Let L = KiU ■ ■ ■ U Kj. be an r-component link. 
Then we have 

ALit^) = tlALit^') (r=l) 

where a is even, and 

AL{tu ...,tr) = i-iytr ■ ■ ■ C^L(tr\ . . . , t;') (r > 2) 

where a^ = 1 + '}2jj^i Ik {Ki, Kj) (mod 2) (i = 1, . . . , r) . 

The Torres condition is a special case of the surgery formula. 

Lemma 2.4 (Torres condition [15, 21, 22]) Let L = KiU- ■ -UKrUKr+i be an oriented 
(r + l)-compnent link, and L' = Ki U ■ ■ ■ U Kr an r-component sublink. Then we have 

AL{tul) = *-^AL'{t,) (r=l) 
where £ is the linking number of Ki and K2, and 

AL{tl, ...,tr,l) = it{' ■ --t'; - l)AL>{t^, ...,tr) (r > 2) 

where ii is the linking number of K^ and K^+i (i = 1, . . . ,r). 



One necessary condition for the Alexander polynomial of an amphicheiral or invert- 
ible link is the following: 

Lemma 2.5 Let L = Ki U ■ ■ ■ U Kr be an r-component {ei, . . . ,8^)- amphicheiral or 
invertihle link where £« = + or — (i = 1, . . . , r). Then we have 

AL{h,...,tr) = AL{tl\...,f/). 

3 Amphicheiral link and invertible link 

We raise basic properties of amphicheiral links and invertible links. 
Lemma 3.1 Let L = KiU ■ ■ -U Kj. be an r-component link. 

(1) If L is an (^i, . . . .,6^)- amphicheiral link, then a suhlink L' = Ki^ U ■ ■ ■ U Ki^ 
{1 < ii < • • • < is < r) is an (ej^, . . . , Si^)- amphicheiral link. 

(2) If L' = Ki^ U ■ ■ -UKj^ {1 < ii < ■ ■ ■ < is < r) is an s-component suhlink of L such 
that s > 3 is odd, and £1^2 ■ ^2,3 ■ ■ ■ 4-i,s ■ 4,i 7^ where ip^g is the linking number 
of Kip and Ki^, then L is not component-preservingly amphicheiral. 

(3) If L is an (ei, . . . , Sr) -invertible link, then a sublink L' = K-i^ U ■ ■ ■ U Ki^ (1 < ^1 < 
• • ■ < is ^r) is an (ej^, . . . , Si^) -invertible link. 

(4) Let L = KiU K2 be a 2-component link with non-zero linking number. If L is an 
invertible link, then L is a (— , —)-invertible link. 

The linking numbers are the first information to detect both amphicheirality and 
invertibility as in Lemma 3.1 (2) and (4). By Lemma 3.1 (1) and (3), to study sub- 
links is also important for the problems. Hartley [3] showed the following by the JSJ 
(Jaco-Shalen-Johanson) decomposition. The result is also about relation between am- 
phicheirality and the linking number. We reprove it by another way. 

Lemma 3.2 (Hartley [3]) Let L = KiU K2 be a 2-component link with non-zero even 
linking number. Then L is not component-preservingly amphicheiral. 

Proof Suppose that L is component-preservingly amphicheiral, and the linking number 
of Ki and K2 is non-zero and even. By Lemma 2.3, we may assume 

AL{t,,t2)=t^t2AL{t^\t2') (3.1) 

By Lemma 2.5 and Lemma 3.1 (4), we may assume 

AL{ti,t2) = Vtl'tl'Mtl\t2) 
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where 77 = + or — , and bi, 62 G Z- By substituting t2 = 1 to (3.1), we have rj = + and 
61 = 1. By substituting ti = 1 to (3.1), we have 62 = 0, and hence we have 

By substituting ti = —1 to the equation above, we have AL{—l,t2) = 0. In the similar 
way, we have A^i^ti, —1) = 0, and hence Z\i(ti,t2) is divisible by (ti + l)(t2 + !)• We 
set Z\L(ti,t2) = (ti + l)(t2 + l)t/(ti,t2) where g{ti,t2) E A2. 

By substituting t2 = 1 to Z\/^(ti,t2), and Lemma 2.4, we have 

ALih, 1) = 2(ti - l)g{h, 1) = Jl^Z\^^(ti). 

ti — i 

Since the righthand side is not divisible by 2, we have a contradiction. | 

Both Lemma 3.1 and Lemma 3.2 motivate us to study amphicheirality of alge- 
braically split links. We remark that our proof of Lemma 3.2 works for the case that L 
is in an integral homology sphere with an orientation-reversing autohomeomorphism. 

4 Proof of Theorem 1.2, Corollary 1.3 and Corol- 
lary 1.4 

To prove Theorem 1.2, we study the form of the Alexander polynomial of an alge- 
braically split link, and compute the Reidemeister torsions of surgered manifolds along 
the link. 

Let L = Ki U ■ ■ ■ U Kr he an oriented r-component algebraically split link where 
r > 2. We add one component Kr+i to L such that Li = KiU Kr+i {i = 1, . . . ,r) is 
the connected sum of Ki and the Hopf link, where the linking number of Ki and Kr+i 
is 1. Then we have 

ALXt^,tr+l) = ^kM (4.1) 

We set L = L U Kj.+i. By Lemma 2.4, we have 

zA^(tl,...,t,+l) = {h---tr-l){h-l)---{tr-l)f{h,...,tr) ^ ^ 

(4.2) 

+ (t,.+i - l)g{ti,...,tr+i) 

where /(ti, . . . ,tr) G Aj. and g{ti, . . . ,tj.+i) G Ar-^-i. By Lemma 2.3, we may assume 
that 

fih,...,tr) = fit^\...,t;') (4.3) 

and 

Aj^ih, . . . , WO = i-irhl ■ ■■t'X^.Aj^it^', . . .,t;l,) (4.4) 



where a = r + 1 (mod 2). For / = {ii,i2, ■ ■ ■ , i^} C Ir, we set Li = Ki^ U ■ ■ ■ U Ki^, 
Lj = Li U Kr+i, and gj G Aj is obtained by substituting tj = 1 for all j E Ir \ I to 
g[ti, . . . ,tr+l). 

By (4.1) and (4.4), if / = {i} (s = 1), then we may take 

Aj;^{U,tr+i) = AkAU) (4.5) 

where Z\i^i(tj) = tfAxiit^^)- If 2 < s < r (r > 2), then we may take 



[llU-l]l[it,-l)frit,„...,U 
Kiel J iei 



where 



+ {U+1 — ^)gi{th, ■ ■ ■ ,ti^,tr+l) 

AlAU^, ■ ■ ■ ,t^s) = lliU - l)fi{t,„ . . . ,UJ, 

i€l 



(4.6) 



and 



We set // = fiiti^,...,tij and g'j = g'^^t,^, . . . ,ti^,tr+i). We remark that //^ 
/(ti, . . . , tr) and g'j^ = g{ti, . . . , t^). 

Lemma 4.1 Under the situation above, for l<s<r — 1, we have 

gi = {tr+l — lY "* Aj^^ti-^, . . . ,ti^,tr+l). 

Proof By applying Lemma 2.4 repeatedly, we have the result, i 

We exapand g{ti, . . . ,tr+i)-part in (4.2) as follows: 
Lemma 4.2 Ifr>2, then we have 

r 

g{ti,...,tr+l) = {tr+l-iy-'l[AKAU) 

i=\ 



icir iei 

2<s=|/|<r-l 



llu-iUj + it 

Kiel J 

r 
+ l[{t,-l)h 
i=l 

where // G Af, hi G Aj, and h G A+i- 



Dhj 



Proof We show by induction on r. 

(i) The case r = 2. 

By Lemma 4.1 and (4.5), g(ti,t2, t^) — AKi{ti)AK2{t2) is divisible by (ti — l)(t2 — !)• 
Hence we have the result. 

(ii) The case r > 3. 

Suppose the case r — 1. By (4.6), Lemma 4.1 and the assumption, we have 



[llt^-A Hit, - l)fj + (t,+i - l)g'j + iU - l)Hi 
Vie/ / iei 

[Ut, - 1 J Hit, - i)fj + (w - iy-'YIAkAu) 



JCl i€J 

2<fc=|J|<r-2 



llU-l]fj + {tr+l-l)hj\ 

KteJ J J 

+ l[it,-l)hj + {tr-l)Hj 



where / = J^ \ {r}, // G yl/, g'j E Aj, hj E Aj, and Hi E A+i- 
We set 

r 

G(fl,...,t,+l) = g(h,...,tr+l)-{tr+l-iy"^Y[AKXU 

i=l 

- E n(^^-i)(wi-i)^-^-^ 

icir iei 

2<s=\I\<r-l 



llU-l]fI + {tr+^-l)hr\ 



Then we have G{ti, . . . , t^-i, 1, t^+i) = 0. In the similar way, if we substitute tj = 1 for 
any 1 < i < r to ^(ti, . . . , t^+i), then we have 0, and hence ^(ti, . . . , tr+i) is divisible 

hyUUiU-i)., 

Let E be the complement of L, and M = {L;ui,..., "Ur+i) the result of (-Ui, . . . , Wr+i)- 
surgery along L where Mj G Q U {oo, 0}. For I = {ii,i2, ■ ■ ■ ,is} C Ir, we suppose that 
Mj = if i G /, Mj G Q U {oo} if i E Ir \ I , and -u^+i ^ {oo, 0}. We set u{I) = {ui)i^j^\j 
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and u{I) = u{I) U {ur+i}. If Mr+i = 0, then we set M = M^gy and if u^+i = oo, then 
we set M = Mu(i)- We set the natural inclusion l : M^g-. M- M^gy From now on, we 
consider only the case Mj G {1, — 1} (i G /r \ /). 

Let rrii and /j (i = 1, . . . , r + 1) be a meridian and a longitude of Ki. We denote the 
homology class of a loop 7 by [7]. In Hi{E), we have 



(4.7) 



[/j] = [rrir+i] {i = l,...,r) 

[Ir+i] = [mi] ■ ■ ■ [rrir] 

In iJi(M„(jA we have 

K] = [m^Y%] = [m,p[mr+i] = 1, K] = K] (^ G /^ /) (4.8) 

where m[ and /^ are a meridian and a longitude of the attaching solid torus for Ki 
{i E Ir \ I) ■ In Hi{Mu{i)), we have 



m:.+J = K+i] = 1, [C+,] = [/,+i] (4.9) 



We note that 



and 



Hi{E) = {ti,. . . ,tr, tr+l) = ^'"^ , 



Hl{M,-j^) = {ti^,. . . ,ti^,tr+l) = Z" , 



where we set tj = [mj] (i = 1, . . . , r + 1). 

For J = {ji, . . . , jfc} D / and p G Aj, we use the following notations: 

kj{u{I)) : the number of 1 in Uj (i G J \ /), 

pj{u{i)) = i-ir^^(-m;i(^-^'^\ 

Vj{u{I)) =(-l)'=.K«a)), 

aj(u{I)) : the sum of -Uj (z G J \ I), 

p{u{I)) the polynomial obtained by substituting tj = t~^\ {i E J \ I) to p, 

Fj{I) : the polynomial obtained by substituting ti = 1 {i E J \ I) to fj , 

The Reidemeister torsions of M^g. is the following: 
Lemma 4.3 Suppose that r > 2 and l<|/| = s<r — 1. 
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(1) If I = {x} (s = 1), then we have: 

ieir\{x} 

+(t.-i) Y. pjW)){u;.li^''^'^^ -I) fj{u{i)) 

2<\J\<r 
+ {tr+l - l)Ql 



where Qj G A-j. 
(2) //2 < |/| < r — 1, then we have: 



is/ JD 

2<|J| 

+ {tr+l - l)Ql 



i&I JdI \i£l 

2<\J\<r 



where Qj G Aj. 
Proof By Lemma 2.1, Lemma 2.2 and (4.8), we have 



t{m^^j^) = Aj:{u{I)) n (Ci - 1)'' 

ieirV (4.10) 

= Z^^(n(/))(Wi-l)-(^-) 



By (4.2), we have 



\iei / iei i£ir\i 

+{tr+i - l)gHI)) 

(/)) ( n^^c/^"^'^^ - 1 ) n(^^ - i)(^^+i - ^y"fw)) 

Kiel / iai 



P.J[U 

+ (Wi - l)g{u{I)) 



(4.11) 
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(4.12) 



By Lemma 4.2, we have 

g{u{i)) = (wi-ir^n^^^(^^) n ^^^(ci) 

iei ieir\i 

+ E /'^(^(^)) n (t^ - i)(w - 1)'--!^^^!-^ 

Jdr ieinJ 

2<k=\,J\<r~-l 

(jlut;:i^''^'^^ - ij fjHi)) + (wi - i)hjiu{i)) 

+PI.W)) \{{u - i)(wi - ir'h{u{i)) 

where hj and h are the same as in Lemma 4.2. In (4.12), we note that 

o< |/n J| = \J\ - \J\i\ < \i\ = s, 

and |/n J| = s if and only if J D /. By the fact, and (4.10), (4.11) and (4.12), we have 
the resuh. i 

The Reidemeister torsions of Mr(/) are the following: 

Lemma 4.4 Suppose that r > 2 and 1 < |/| < r — 1. 

(1) If I = {x} (s = 1), then we have: 

t{M^^j)) = \ AK^it,) + (t, - If Yl VjHl))FAl)\it.-ir'- 

J3x 
2<\J\<r 

(2) If 2 < \I\ < r — 1, then we have: 

riM^(i)) = U^U-l) J2 VjHI))Fj{I). 

2<\J\<r 

Proof By (4.7) and (4.9), we have [m^+i] = tr+i = 1 and [Ir+i] = Yiiei^i ^^ HiiMu(i)] 
Hence by Lemma 2.2, we have 

r(M„(,))=r(M„(7))|i,^,=i[j]t,-l 

Vie/ 

By combining with Lemma 4.3, we have the result. | 
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For I (Z Ir with 1 < |/| < r, and any «(/) = {ui)i(zj^\j, we set 

s:ji)= E vjW))Fj{i), 

JDl,\J\I\:cvcn 
2<\.J\<r 

^utn = E vjHI))Fj{i), 

JDl,\J\I\:odd 

2<\J\<r 

and —u{I) is obtained from u{I) by replacing Ui into — Mj for all i G /r \ /. 
Lemma 4.5 

rieven rieven „»,^ Qodd oodd 

^-u{I) — '^«(/) "'^" '-'-«(/) — ~^u{I)- 

Proof For J D I, since kj{u{I)) + kj(—u{I)) = | J \ /|, we have 

vA-uii)) = {-lf\\jiuil)), 
and the results. | 

Proof of Theorem 1.2 Suppose that L is component-preservingly amphicheiral. Then 
M„(/) is homeomorphic to M_„(/). 

(1) By Lemma 4.4 (1) and Lemma 4.5, we have 

and 

r(M_„(,)) = {Aj^AQ + (t. - 1)2 (5:^?^ - 5°^)) } (t. - 1)-^ 

Since t{M^^j)) = t{M.u{i)) and Z\,^,(l) = 1 ^ 0, we have S°ff^ = 0. 

(2) By Lemma 4.4 (2) and Lemma 4.5, we have 

and 

r(M_„(,)) = n(^. - 1) {s:ti) - s:tf)) ■ 

Since r(M„(,)) = r(M_„(,)), we have S^Jj^ = or 5-°^) = 0. , 

Proof of Corollary 1.3 (1) We set r = 2r' where r' G Z and r' > 1. We prove by 
induction on r. 

Suppose r = 2 (r' = 1). By Theorem 1.2 (1), we have 5°^) = ±F(/) = 0. 

Suppose r' > 2. By the assumption of induction, we have Fj{I) = for every J such 
that \J\ is even, and 2 < | J| < r - 2. By Theorem 1.2 (1), we have S°'^^^ = ±F{I) = 0. 

(2) Since S^Jj"! = ±Al^ ^ 0, we have S°f^.^ = ±F{I) = by Theorem 1.2 (2). The 
equation F{I) = holds if and only if / is divisible by tj — 1 from Lemma 2.3. 

(3) Since S°f^-^ = ±F{I) ^ 0, we have S^Jf-^ = ±Al, = by Theorem 1.2 (2). | 

13 



Remark 4.6 By Corollary 1.3 (3) and Lemma 3.1 (1), for an algebraically split component- 
preservingly amphicheiral link L, if we can add one component K' to L satisfying that 
L' = LUK' is also an algebraically split component-preservingly amphicheiral link such 
that A^r is not divisible by {t' — 1)^ where t' corresponds to a meridian of K', then we 
have Al = 0. We hope that it is possible for the case that L is an algebraically split 
component-preservingly amphicheiral link with even components. If it is true, then 
Conjecture 1.1 is affirmative. However, if L is the Borromean rings (3-component link), 
then there does not exist a knot like K'. 

Proof of Corollary 1.4 We take / = {2}. By Corollary 1.3 (2) (or Corollary 1.3 (1)), 
/(ti,t2) is divisible by ti — 1. We can argue similarly for the case / = {1}. Therefore 
we have the result. ■ 



5 Proof of Theorem 1.5 and Corollary 1.6 

We prove Theorem 1.5 by a slightly generalized argument of Hartley [3, Theorem 2.1]. 

Proof of Theorem 1.5 Suppose that L is oriented. We span a Seifert surface F 
corresponding the orientation. We set a Seifert matrix from F as S. We can compute 
the one variable Alexander polynomial of L from S as: 

{t - l)AL{t, . . . ,t) = det{tS - S^) 

where S"^ is the transposed matrix of S. Let ip be an orientation-reversing homeomor- 
phism of S^. Since L is (e, . . . , e)-amphicheiral, <f{F) is still a Seifert surface of L, and 
the corresponding Seifert matrix changed into —S. Since the S-equivalences do not 
change the one variable Alexander polynomial, we have 

(t - l)AL{t, ...,t)= det{-tS + S^). 

Since the size of S is odd, we have Aiit, ■ ■ ■ ,t) = 0. We can argue similarly if Ki is 
changed into f]iKi. Therefore we have the result, i 

Proof of Corollary 1.6 By Corollary 1.4 and Theorem 1.5, we have the result, i 

6 Supporting examples 

We raise examples which support Conjecture 1.1. 

Example 6.1 (1) In Figure 1, let Mx be the A-component Milnor link [18] where 
A > 3. In particular, M3 is the Borromean rings. The Alexander polynomial of Mx is 

AM,{tut2,h) = {ti-l){t2-l){t3-l) and AmAU, ... ,tx) = {X > 4). The Borromean 
rings M3 is (+, +, +)-amphicheiral, but it is not (— , — , — )-amphicheiral (cf. [6, 10]). 
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M, 





Borromean rings 



Figure 1: A-component Milnor link M\ 



(2) In Figure 2, let C(2ai, 2bi, . . . , 2a„) be a 2-component 2-bridge link where the num- 
ber in a rectangle implies the number of half twists. A 2-component amphicheiral 
2-bridge link is not algebraically split (see [7] ) , and the Alexander polynomial of every 
non-trivial 2-bridge link is not zero. As a special case, the Alexander polynomial of 
L = C{2a, 26, -2a) (a^O, b y^ 0) (C(2, ±2, -2) is the Whitehead link) is 



^L(tl,t2)=6(^l-l)(t2-l) 



(tlt2 



tlt2 - 1 

by Kanenobu's formula [12]. We can see that L is not amphicheiral by Corollary 1.4. 



2fli 



-2bi 



2a-, 



-2b, 



2an 



Figure 2: 2-bridge link L = C(2ai, 26i, . . . , 2a„ 



(3) For links with up to 11 crossings, we use slightly modified notations in a web site 
maintaied by D. Bar-Natan and S. Morrison [1]. In the class, only 10^3g and lO^^g^ are 
algebraically split component-preservingly amphicheiral links with even components. 
Moreover they are algebraically split component-preservingly (+)-amphicheiral links. 
We can confirm that the Alexander polynomials of them are by direct computations 
or [10, Theorem 1.3]. We also remark that the condition "component-preservingly" 
is needed. lO^gg and 11^247 ^^^ algebraically split amphicheiral links with even com- 
ponents which are not component-preservingly amphicheiral (cf. [9]). The Alexander 
polynomials of them are 



AolJtut2) 
Anl(tut2) 



(tl-l)(t2-l)(tl 

0. 



t2)(M2-l) 
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We note that Z\io2 (^1,^2) satisfies the condition 

in Theorem 1.5, and both lO^gg and 11^247 ^^^ (ijij (1 2))-amphicheiral where (1 2) 
is the nontrivial permutation of {1,2}. 



c 



^ 



lOlse 





yr^ 




10 ,,107 




1 n59 




1 1 «247 




Figure 3: Examples of prime hnks with up to 11 crossings 



Acknowledgements The author would like to express gratitude to Akio Kawauchi, 
Tsuyoshi Sakai and Shicheng Wang for giving him useful advices. 

References 

[1] D. Bar-Natan and S. Morrison, Knot Atlas, http://katlas.math.toronto.edu/wiki/Main_Page 

[2] F. Bonahon and L. C. Siebenmann, New geometric splittings of classical knots and 
the classification and symmetries of arborescent knots, http://www-bcf.usc.edu/ fbona- 
hon/Research/Preprints/BonSieb.pdf 

[3] R. Hartley, Invertible amphicheiral knots, Math. Ann., 252 (1980), 103-109. 

[4] R. Hartley and A. Kawauchi, Polynomials of amphicheiral knots, Math. Ann., 243 (1979), 63-70. 

[5] J. Hillman, Symmetries of knots and links, and invariants of abelian coverings (Part I), Kobe J. 
Math., 3 (1986), 7-27. 

[6] B. Jiang, X. Lin, Shicheng Wang and Y. Wu, Achirality of knots and links. Top. AppL, 119 
(2002), 185-208. 

[7] T. Kadokami, The link- symmetric groups of 2-bridge links, to appear in Jounal of Knot Theory 
and its Ramifications. 

[8] T. Kadokami, Amphicheiral links with special properties, II, to appear in Jounal of Knot Theory 
and its Ramifications, arXiv math. GT/ 1107. 0378 



16 



[9] T. Kadokami, Finite slope surgeries along the Milnor links, in preparation. 

[10] T. Kadokami and A. Kawauchi, Amphicheirality of links and Alexander invariants, to appear in 
SCIENCE CHINA Mathematies. 

[11] T. Kadokami, N. Maruyama and M. Shimozawa, Lens surgeries along the n-twisted Whitehead 
link, preprint. 

[12] T. Kanenobu, Alexander polynomials of two-bridge links, J. Austral. Math. Soc. (Ser. A), 36 
(1984), 59-68. 

[13] A. Kawauchi, On quadratic forms of i-manifolds. Invent. Math., 43 (1977), 177-198. 

[14] A. Kawauchi, The invertibility problem on amphicheiral excellent knots, Proc. Japan Acad., Ser. 
A, Math. Sci., 55 (1979), 399-402. 

[15] A. Kawauchi, A survey of Knot Theory, Birkhauser Verlag, (1996). 

[16] A. Kawauchi, The quadratic form of a link, in: Proc. of Low Dimensional Topology, Contemp. 
Math., 233 (1999), 97-116. 

[17] S. Kojinia and M. Yamasaki, Some new invariants of links. Invent. Math., 54 (1979), 213-228. 

[18] J. Milnor, Link groups, Ann. of Math. (2) 59 (1954), 177-195. 

[19] J. Milnor, A duality theorem for Reidemeister torsion, Ann. of Math. (2), 76 (1962), 137-147. 

[20] T. Sakai, Polynomials of invertible knots. Math. Ann., 266 (1983), 229-232. 

[21] G. Torres, On the Alexander polynomial, Ann. of Math. (2), 57 (1953), 57-89. 

[22] V. Turaev, Reidemeister torsion in knot theory, Russian Math. Surveys, 41-1 (1986), 119-182. 

[23] Shida Wang, Strict achirality of prime links up to 11-crossings, Acta Math. Sinica, 24 (2008), 
997-1004. 

[24] W. Whitten, Symmetries of links. Trans. Amer. Math. Soc, 135 (1969), 213-222. 

Teruhisa KADOKAMI 
Department of Mathematics, 
East China Normal University, 
Dongchuan-lu 500, Shanghai, 200241, China 
mshj Omath . ecnu . edu . en 
kadokELmi2007@yELhoo .co.jp 



17 



